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Abstract

Present study is undertaken to investigate the steady state heat transfer in a porous medium fixed in a vertical annular cylinder. A two-
temperature, thermal non-equilibrium model is used to analyse the heat transfer behavior in the porous medium. The Darcy model of flow
is employed. The inner surface of the vertical annulus is maintained at constant wall temperature and the outer surface remains at ambient
temperature. The heat transfer is assumed to take place by natural convection and radiation. The equations governing the flow behavior
are non-dimensionalised using suitable non-dimensional parameters and then solved using finite element method. Three-node triangular
element is used to mesh the domain. The effect of various parameters such as aspect ratio, radius ratio of annulus, modified conductivity
ratio, inter-phase heat transfer coefficient, radiation parameter and Rayleigh number on the heat transfer behavior is discussed.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

It is well known fact that the understanding of heat
transfer in the porous medium is increasing rapidly. This
can be attributed to the intense interest of many researchers
to estimate the heat and fluid flow behavior of porous med-
ium enclosed/embedded by various geometries. The deep
interest in the porous medium is easily understandable
since porous medium is used in vast applications, which
covers many engineering disciplines. For instance, applica-
tions of the porous media includes, thermal insulations of
buildings, heat exchangers, solar energy collectors, geo-
physical applications, solidification of alloys, nuclear waste
disposal, drying processes, chemical reactors, petroleum
resources etc. to name but few. More applications and
good understanding of the subject is given in the recent
books by Nield and Bejan [1], Vafai [2], Pop and Ingham
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[3], Ingham and Pop [4]. There are two different approaches
of modeling the heat transfer in porous medium namely,
thermal equilibrium and thermal non-equilibrium model-
ing. In case of the thermal equilibrium modeling, the fluid
phase and the solid phase of porous medium are assumed
to be in thermal equilibrium and thus only one energy
equation is required to predict the heat transfer behavior.
In case of the thermal non-equilibrium modeling, the fluid
and the solid phases are not in thermal equilibrium condi-
tion thus fluid and solid have different temperatures. In this
case, two energy equations i.e. one for the fluid and another
for the solid matrix is considered, which are coupled by
convection term between them. Plenty of work has been
carried out considering the thermal equilibrium model,
whereas the thermal non-equilibrium modeling of the por-
ous medium has not received as much attention as
compared to thermal equilibrium model. Yih [5] has stud-
ied the effect of radiation on natural convection over a
vertical cylinder using thermal equilibrium model. Hossain
and Alim [6] have applied thermal equilibrium model to
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Nomenclature

Ar aspect ratio ¼ C
ro�ri

C cylinder height
cp specific heat
g gravitational acceleration
h convective heat transfer coefficient
H inter-phase heat transfer coefficient
k thermal conductivity
K permeability of porous media
Lref reference length
n refractive index
N shape function
Nu average Nusselt number
qr radiation flux
qt total heat flux
r, z cylindrical co-ordinates
�r; �z non-dimensional co-ordinates
ri, ro inner and outer radius
Ra Rayleigh number
Rd radiation parameter
Rr radius ratio ¼ ro�ri

ri

T temperature
T non-dimensional temperature

u velocity in r-direction
w velocity in z-direction

Greek symbols

a thermal diffusivity
b coefficient of volume expansion
bR Rosseland extinction coefficient
c modified conductivity ratio
q density
m coefficient of kinematic viscosity
u porosity
r Stephan Boltzmann constant
w stream function
�w non-dimensional stream function

Subscripts

w wall
1 conditions at outer radius
f fluid
S solid
t total
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investigate the natural convection radiation interaction on
boundary layer flow along vertical cylinder. They used two
different methods i.e. local non-similarity method and
implicit finite difference scheme with Keller box elimination
method. Prasad and Kulacki [7] have reported the numer-
ical investigation of natural convection in a vertical annu-
lus filled with saturated porous medium. Prasad [8] also
studied the natural convection in vertical porous annulus
when the inner wall is maintained at constant heat flux.
Their study suggests that the heat transfer rate is higher
when the inner surface is maintained at constant heat flux
as compared to the case of isothermal wall temperature.
Prasad et al. [9] have conducted experimental study as well
for the case of natural convection in a vertical annular cyl-
inder filled with saturated porous medium by applying con-
stant heat flux at inner wall and isothermally cooling outer
surface. Rajamani et al. [10] have studied the natural con-
vective heat transfer in an annular cylinder by assuming the
thermal equilibrium model. There are various applications,
which involves thermal non-equilibrium condition between
the fluid phase and the solid matrix of the porous media.
Recent years have seen an increased use of thermal non-
equilibrium modeling. Rees et al. [11] have investigated
the forced convection past a heated cylinder in a porous
medium by employing the thermal non-equilibrium model
and found that the heat transfer coefficient do not vary in
the tangential direction of cylinder when the porous med-
ium is in thermal equilibrium condition. However, the heat
transfer coefficients varied when the system comes under
non-equilibrium condition. Wong et al. [12] have supple-
mented the work of Rees et al. [11] for finite Peclet number.
Baytas and Pop [13] have studied the free convection in a
porous cavity using the thermal non-equilibrium model
by employing the cell-centered finite volume scheme. Jiang
and Ren [14] have investigated the forced convection heat
transfer in a porous media using the thermal non-equilib-
rium model. They found that the fluid temperature is
higher when the viscous dissipation is considered than the
case when viscous dissipation is not been considered. Saeid
[15] has considered the non-equilibrium model to analyse
the mixed convection in a vertical porous layer by using
finite volume method and found that, for the mixed con-
vection region, the total average Nusselt number is more
for lower Rayleigh number than that for higher Rayleigh
number. Saeid [16] also studied the periodic free convection
from a vertical plate using thermal non-equilibrium model.
Analysis of non-Darcian effects by using two-temperature
model in the porous media has been carried out by Marafie
and Vafai [17]. They found that the temperature difference
between the fluid and the solid phases decreases with
increasing Biot number. Cherif and Sifaoui [18,19] and
Sghaier et al. [20] have studied the radiation heat transfer
in porous media enclosed in a cylindrical and spherical
geometry. They have used Runge–Kutta method and finite
difference method, respectively to solve the governing equa-
tions. Rees and Pop [21] have considered the non-equilib-
rium model to study the free convection stagnation point
flow in a porous medium. Rees and Pop [22] have also
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studied the free convection boundary layer flow from a
vertical surface in a porous medium.

The present work is aimed to study the heat transfer by
convection and radiation in an annular vertical cylinder
filled with saturated porous medium, using a two-tempera-
ture thermal non-equilibrium model and thus predict the
temperature of the fluid and solid matrix. To the best of
our knowledge, the study of heat transfer by convection
and radiation through vertical annulus filled with saturated
porous medium using thermal non-equilibrium model has
not been reported so far. Finite element method is
employed to solve the governing partial differential equa-
tions. Results are presented in terms of isotherms and Nus-
selt number for various values of the aspect ratio, radius
ratio, inter-phase heat transfer coefficient, modified con-
ductivity ratio, radiation parameter and Rayleigh number.

2. Analysis

A vertical annular cylinder with inner radius ri and outer
radius ro is considered in the present study. The vertical annu-
lus is filled with the saturated porous medium between inner
and outer surfaces. The r and z axis points towards the radial
and vertical direction of the annulus. The inner surface of the
annulus is heated to constant temperature Tw and the outer
surface is maintained at constant temperature T1 such that
Tw > T1. The following assumptions are applied:

(a) The fluid follows Darcy law.
(b) The convective fluid and the porous medium are not

in local thermodynamic equilibrium.
(c) There is no phase change of the fluid in the medium.
(d) The properties of the fluid and those of the porous

medium are homogeneous and isotropic.
(e) Fluid properties are constant except the variation of

density with temperature.
(f) The fluid is transparent to radiation.
(g) The radiative heat flux in the z-direction is negligible

in comparison to that in the r-direction.

The governing equations that describe the flow behavior
can be written as:
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Corresponding boundary conditions are:

at r ¼ ri; T f ¼ T s ¼ T w; u ¼ 0 ð5aÞ
at r ¼ ro; T f ¼ T s ¼ T1; u ¼ 0 ð5bÞ

where u and w are Darcy’s velocities in the r and z direc-
tions, respectively.

The continuity equation (1) can be satisfied automati-
cally by introducing the stream function w as
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Invoking Rosseland approximation for radiation [23]
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4n2r
3bR

oT 4
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ð8Þ

The term T4 in Eq. (8) can be expanded in Taylor series.
Expanding T4 about T1 [24] and neglecting higher order
terms results as

T 4 � 4TT 3
1 � 3T 4

1 ð9Þ
The following parameters have been used for non-

dimensionalisation of the governing equations:
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Substitution of Eqs. (6)–(10) into Eqs. (2)–(4) results into:
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The boundary conditions take the form as

at �r ¼ ri; �w ¼ 0; T f ¼ T s ¼
1

2
ð14aÞ

at �r ¼ ro; �w ¼ 0; T f ¼ T s ¼ �
1

2
ð14bÞ

The heat transfer rate is predicted in terms of Nusselt
number at hot and cold wall of the annulus using following
expressions:

For fluid

Nuf ¼ �
1

�z

Z �z oT f

o�r

� �
d�z ð15Þ
0 �r¼�ri ;�ro



Table 1
Comparison of results for different aspect ratio at Ra = 100, Rr = 1,
Rd = 0

Aspect ratio Nu

Ref. [7] Ref. [10] Ref. [27] Present

3 3.70 3.868 3.81 3.8838
5 3.00 3.025 3.03 3.0638
8 2.35 2.403 2.45 2.4249

Table 2
Comparison of results for different radius ratio at Rd = 0

Ar Ra Rr Nu

Rajamani et al. [10] Present

5 50 0.25 1.619 1.7117
1 2.105 2.1800

100 0.25 2.349 2.4596
1 3.025 3.0859

200 0.25 3.694 3.7034
1 4.630 4.5618
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For solid
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The total heat transfer rate from the surface is the sum of
heat transferred to the fluid and solid phases as given in
Ref. [15]. The total heat transfer rate for the present prob-
lem can be expressed as
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Using Eq. (17a), it can be shown that the average total
Nusselt number is
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3. Numerical method

In the present study, finite element method is used to
solve the coupled partial differential equations (11)–(13),
subjected to boundary conditions (14). The partial differen-
tial equations are converted to matrix form of equations by
using the Galerkin method. The domain is descritised into
elements with the help of 3-noded triangular elements. The
variation of temperature and stream function inside the ele-
ment can be expressed as

T f ¼ T f1N 1 þ T f2N 2 þ T f2N 3 ð18aÞ
T s ¼ T s1N 1 þ T s2N 2 þ T s2N 3 ð18bÞ
~w ¼ �w1N 1 þ �w2N 2 þ �w3N 3 ð18cÞ

where N1, N2 and N3 are the shape functions given as

Ni ¼
ai þ bixþ ciy

2A
; i ¼ 1; 2; 3 ð19Þ

In the above equation ai, bi, ci are matrix coefficients.
In depth FEM formulations are discussed in the books

[25,26]. The coupled matrix equations for elements are
assembled in a global matrix for the whole domain, which
is solved iteratively, to obtain T f , T s and �w in the porous
medium. The iterative process continues until the tolerance
level of 10�5, 10�5 and 10�7 for T f , T s and �w, respectively is
achieved. The above mentioned tolerance level indicates
the difference in the values of each of the solution variables
at all nodes in the domain between two successive itera-
tions. The domain has varying sizes of elements. Smaller
sized elements are placed near the surfaces of vertical annu-
lus due to large variations in the solution parameter near
the surfaces. The smaller size elements near the surface
ensures better accuracy in calculating T f , T s and �w. The
mesh is symmetric about the vertical and horizontal central
axis. Sufficiently dense mesh is chosen to make the solution
mesh invariant. The present method is verified by compar-
ing the results with previously published data [7,10,27] for
the case of thermal equilibrium modeling since there is no
data available in the literature pertaining to thermal non-
equilibrium model for the case of vertical annulus. The
data for comparison with the thermal equilibrium model
is obtained by setting the variables H = 1000 and
c = 1000 at which the thermal equilibrium condition is
recovered. Tables 1 and 2 show the comparative results.
It is obvious from these tables that the present method
has good accuracy in predicting the heat transfer behavior
of the porous medium filled in a vertical annulus.

4. Results and discussion

The heat transfer through the porous annulus is pre-
sented in terms of the isotherms and Nusselt number for
the fluid and solid phases for various values of different
parameters.

Fig. 1 depicts the isotherms of fluid and solid phases
inside the porous medium for different values of aspect
ratio at Ra = 100, Rd = 1, H = 5, c = 1 and Rr = 1. Aspect
ratio is defined as the ratio of height of porous medium to
the thickness of porous medium. The fluid isotherms move
away from the vertical surface when aspect ratio is
increased from 1 to 3, whereas the solid phase isotherms
do not vary much with respect to the increase in aspect
ratio. This is due to the reason that the heat transfer rate
in solid phase is not much affected when the non-equilib-
rium effect is high. The influence of radius ratio on the iso-
therms is shown in Fig. 2 which corresponds to Ra = 100,
Rd = 1, H = 5, c = 1 and Ar = 1. The radius ratio is
defined as the ratio of thickness of porous medium to the
inner radius of the annulus. The isotherms of fluid as well



Fig. 1. Isotherms for fluid (left) and solid (right) for Ar = 1, 2 and 3 (Ar in increasing order from top until bottom).

I. Anjum Badruddin et al. / International Journal of Heat and Mass Transfer 49 (2006) 4955–4965 4959
as solid phases tend to move towards the hot surface and
away from cold surface of the vertical annulus when the
radius ratio is increased. This results in the increased ther-
mal gradient at the hot surface and decreased thermal
gradient at the cold surface. This alludes that the heat
transfer rate increases at the hot surface and decreases at
cold surface when radius ratio is increased. The effect of
H on the isothermal lines of fluid and solid is demonstrated
in Fig. 3 which is obtained at Ra = 100, Rd = 1, Rr = 1,
c = 1 and Ar = 1. The fluid isotherms are not much
affected due to change in H but the solid isotherms are
affected to greater extent. At low value of H the solid iso-
therms are parallel to vertical surface of annulus. As H

increases the solid isotherms starts deviating from being
parallel to hot surface. It can be seen that the solid and
fluid isotherms look alike at high value of H indicating that
the thermal equilibrium state is recovered when H takes
very high value. This happens due to the reason that higher
value of H enhances the heat transfer between the two
phases thus making the fluid and solid to attain equal



Fig. 2. Isotherms for fluid (left) and solid (right) for Rr = 0.5, 2 and 5 (Rr in increasing order from top until bottom).
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temperature. Fig. 4 shows the isotherms for solid and fluid
for various values of thermal conductivity ratio. This figure
corresponds to the values Ra = 100, Rd = 1, Rr = 1,
H = 10 and Ar = 1. The fluid isotherms move towards
the bottom portion of hot and top portion of cold surface
when c is increased, thus increasing the heat transfer rate in
these regions of annulus. Here also the solid isotherms are
affected to greater extent as compared to the fluid iso-
therms. The solid isotherms are parallel to the vertical sur-
face when c is small. When c is small then major part of the
heat is transferred by conduction in the solid phase and
partly by fluid phase. This is due to the fact that smaller
c leads to lesser thermal resistance in the solid phase. On
the contrary, the major portion of heat is transferred by
the fluid phase when c is high due to lesser thermal resis-
tance in the fluid phase. The fluid and solid isotherms look
alike at high value of thermal conductivity ratio thus lead-
ing to thermal equilibrium state.

Fig. 5 shows the effect of aspect ratio Ar, on the average
Nusselt number at hot surface of the cylinder. Figs. 5 and 6
are obtained for the values Ra = 100, Rd = 1, H = 5 and
Rr = 1. The Nusselt number of the fluid Nuf , solid Nus

and the total Nusselt numberNut, increases with increase
in thermal conductivity ratio, c. As expected, the Nusselt



Fig. 3. Isotherms for fluid (left) and solid (right) for H = 1, 100 and 1000 (H in increasing order from top until bottom).
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number of fluid initially increases with the increase in
aspect ratio, reaches a maximum value and then starts
declining. The Nusselt number of solid Nus, vary negligibly
with respect to aspect ratio when thermal conductivity
ratio is smaller. Thus the trend of total Nusselt number
Nut is largely determined by the effect of Nuf when the value
of c is small. At higher values of c the total Nusselt number
approaches the value of Nuf . The influence of c is more on
Nus as compared to that on Nuf . Similar trend of Nusselt
number is observed at cold surface of annulus (figure not
shown to conserve the space). However it is found that
the value of Nusselt number at cold surface is lower than
corresponding value at hot surface. The difference in Nus-
selt number at hot and cold surfaces arises because of the
fact that the domain has cylindrical geometry. Due to
cylindrical nature, the inner-circumferential area is lesser
than the outer-circumferential area thus the heat flowing
from smaller circumferential area is distributed to larger
outer-circumferential area which leads to reduction in the
Nusselt number at outer surface. It is clear from Fig. 6 that
the variation in aspect ratio has negligible effect on Nus

when c < 2. It may be noted that the smaller values of
either c or H leads to stronger non-equilibrium effect which
is also reported by authors [13,15] while studying the heat



Fig. 4. Isotherms for fluid (left) and solid (right) for c = 1, 10 and 100 (c in increasing order from top until bottom).
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transfer behavior in a square porous cavity and vertical
porous layer, respectively. It is observed that when the
non-equilibrium effect is stronger then variation of aspect
ratio does not influence Nus, although it affects the fluid
Nusselt number.

Figs. 7 and 8 shows the variations of average Nusselt
number at hot surface when the inter-phase heat transfer
coefficient, H is varied. Figs. 7 and 8 corresponds to the
values Ra = 100, Rd = 1, c = 1 and Rr = 1. The Nuf

decreases with increase in the value of H whereas the Nus

increases with increase in H. This happens because of the
reason that the increase in inter-phase heat transfer coeffi-
cient enhances the exchange of thermal energy from solid
phase to the fluid phase due to which the temperature of
the fluid increases and that of the solid decreases near the
hot surface. The increase in the fluid temperature reduces
the temperature difference between the hot surface and
the fluid phase, which in turn decreases the temperature
gradient, thus the fluid Nusselt number decreases. On the
other hand when H increases, the transfer of heat from
solid to fluid reduces the solid phase temperature thus
increasing the temperature difference between the hot sur-



γ

Fig. 5. Nu variations with respect to Ar and c at hot surface.

Fig. 6. Nu vs. c for different values of Ar.

Fig. 7. Nu variations with respect to Ar and H at hot surface.

Fig. 8. Nu vs. H at different values of Ar.
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face and solid phase. This leads to increase in the Nusselt
number of solid phase. In this case also the variation of
Nus with respect to aspect ratio is negligible when the value
of H is smaller. The decrease of the fluid Nusselt number
has greater impact on total Nusselt number leading to
decrease in Nut even though Nus increases with respect to
increase in H. It is obvious from Fig. 8 that for a given
aspect ratio, the variation in Nusselt number is negligible
at H < 10. Similar trend but with lower value of Nusselt
number is observed at cold surface of the annulus.

Fig. 9 illustrates the effect of radius ratio on the Nusselt
number with respect to c for the hot as well as cold surfaces
of the annulus. This figure corresponds to the value
Ra = 100, Rd = 1, H = 5 and Ar = 2. In general, the Nus-
selt number at hot surface of annulus increases with
increase in radius ratio. However Nusselt number at cold
surface decreases with increase in radius ratio. For a given
value of Ar, H, Ra and Rd, the difference between Nusselt
number at hot and cold surfaces increases with increase in
γ

Fig. 9. Nu variations with respect to Rr and c.
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radius ratio due to enlargement of the outer-circumference
of the annulus. The effect of H and radius ratio is depicted
in Fig. 10 which is obtained for the values Ra = 100,
Rd = 1, c = 1 and Ar = 2. It is obvious from this figure that
the total Nusselt number does not vary much with respect
to H. Nut increased by 2.13 times when radius ratio is chan-
ged from 0.5 to 10 at H = 100. The corresponding decrease
in Nut at cold surface is found to be 0.54 times when radius
ratio is increased from 0.5 to 10.

Fig. 11 shows the effect of radiation parameter Rd on the
average Nusselt number at hot surface for the values
Ra = 100, Ar = 4, c = 2 and Rr = 1. The effect of radiation
parameter is more pronounced on the Nusselt number of
solid as compared to that of Nusselt number of the fluid.
The Nus increases due to increase in radiation parameter.
For a given value of radiation parameter the increase is
Nus is sharp for H > 10. The Nusselt number of fluid
remains constant with respect to radiation parameter for
H < 10 and thereafter it decreases owing to increase in radi-
Fig. 11. Effect of H and Rd on the Nusselt number.
ation parameter. Total Nusselt number also increases with
increase in radiation parameter. The contribution of Nus is
higher in increasing the Nut as compared to that of Nuf .
The influence of Rayleigh number on the Nusselt number
is shown in Fig. 12. This figure is obtained for the values
Rd = 1, Ar = 5, c = 2 and Rr = 1. The Nusselt number
increases with increase in Rayleigh number as expected.
It is found that the Nus is higher than Nuf at smaller values
of Rayleigh number but Nus is lesser than Nuf at higher val-
ues of Rayleigh number. This happens because; at higher
Rayleigh number the buoyancy force is high which leads
to faster fluid moment and thus higher heat transfer in fluid
phase.

5. Conclusion

The problem of heat transfer through saturated porous
medium filled in a vertical annular cylinder is investigated
by using two-temperature thermal non-equilibrium model.
The finite element method is utilized to solve the governing
partial differential equations. The results show that the iso-
therms of fluid as well as solid phase move towards the hot
surface and away from cold surface when radius ratio is
increased. It is found that when inter-phase heat transfer
coefficient and modified conductivity ratio take high value
then thermal equilibrium is approached with both solid
and fluid phases having similar temperature. It is found
that the Nusselt number of the solid phase does not vary
much with respect to aspect ratio of the annulus when
the inter-phase heat transfer coefficient and the modified
conductivity ratio is small. The Nusselt number of the fluid
phase decreases with increase in the value of H whereas the
Nusselt number of the solid increases with increase in H. It
is observed that, for a given value of Ar, H, Ra and Rd the
difference between Nusselt number at hot and cold surfaces
increase with increase in the radius ratio. The Nus increases
with increase in radiation parameter. Nuf remains con-
stant for H < 10 and thereafter decreases with increase in
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radiation parameter. It is seen that the Nus is higher than
Nuf at smaller values of Rayleigh number and vise-versa
at higher values of Rayleigh number.
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